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Abstract In this paper, we study a new class of exactly solvable quantum nonlinear har-
monic oscillators from the viewpoint of the raising and lowering operators. The energy
spectrum for the Hamiltonian and the ground state are also given explicitly.
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1 Introduction

It is well-known that quantum linear harmonic oscillator is one of the exactly solvable mod-
els in quantum mechanics. Recently, the quantum nonlinear harmonic oscillator (QNHO)
has been studied with great interest [1–6]. For instance, Carinena, Ranada and Santander
have proposed a kind of one-dimensional model for the QNHO [2], whose Hamiltonian
reads

HCRS = 1

2m
(Kp2 − i�λxp) + α2x2

2(1 + λx2)
, (1)

where K = 1 + λx2, λ is a real number, m is the mass for the particle, p = −i� d
dx

, [x,p] =
i�, and � is the Planck constant. The energy spectrum of such a λ-dependent Hamiltonian
can be determined by the supersymmetric approach. When λ = 0, it naturally reduces to the
usual quantum linear harmonic oscillator.

In this paper, from the viewpoint of raising and lowering operators, we aim to study a
more general class of exactly solvable quantum harmonic oscillators. The Hamiltonian of
the general QNHO is given by

H = 1

2m
(Kp2 − i�λxp) + V (x), (2)
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where the potential V (x) is determined by the operator method. The energy spectrum for
the Hamiltonian and the ground state will be given explicitly due to the raising and lowering
operators.

2 Raising and Lowering Operators for the Hamiltonian

For a Hamiltonian operator H , if there are operators L̂± satisfying the following commuta-
tion relation:

[H, L̂±] = L̂±g±(H), (3)

then L̂+ and L̂− are called the raising and lowering operators of operator H , respectively.
When L̂− = a, L̂+ = a†, and g±(H) = ±�ω, (3) reduces to the usual case of the quantum
linear harmonic oscillator, namely, [H,a] = −a�ω, [H,a†] = a†

�ω. The readers who are
interested in the general definition of raising and lowering operators may refer to Refs. [7, 8].
Moreover, it is worth mentioning that the explicit form of the raising and lowering operators
L̂± for a specific Hamiltonian system need not be mutually adjoint [7].

Now let us come to study the raising and lowering operators for the Hamiltonian operator
H as shown in (2). We start from the following definition for the generalized “coordinate”
operator:

X =
�∑

j=0

ajx
j , � = 1,2,3, . . . , (4)

where the coefficients aj ’s are some real numbers. When a1 = 1, aj = 0 (for j �= 1), then
X = x is the usual coordinate operator.

In the next step, one may define the generalized “momentum” operator through the fol-
lowing commutation relation:

[H,X] = − i�

m
PX. (5)

By using the basic commutation relation [x,p] = i�, from (2) and (5) we obtain that

PX = KX′p − 1

2
i�(KX′′ + λxX′). (6)

Obviously, if λ = 0, X = x, then PX = p is nothing but the usual “momentum” operator.
To simplify the calculation, one may let

KX′′ + λxX′ = AX + B, (7)

which yields

A = λ�2, B = 2a2 − Aa0. (8)

Based on which, one has the following commutation relation:

[H,PX] =
[
− i�

m
K(AX + B)

]
p2 − �

2

m
[λx(AX + B) + AKX′]p

+ i�3

4m
A(AX + B) + i�KX′V ′(x), (9)
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or

[H,PX] = X

[
−i�2AH − i�3

4m
A2 + i��

]
+ PX

(
−�

2

m
A

)
− i�2BH + i�τ, (10)

where we have used

p2 = 2mH − V (x) + i�λxp, (11)

which can be derived directly from (2), and the assumption relation

i�

[
− �

2

4m
AB + KX′V ′(x) + 2(AX + B)V (x)

]
= i�(�X + τ), (12)

where � and τ are real numbers.
In the following, we shall use the similar approach developed in Ref. [9] to construct the

raising and lowering operators. From (5) and (10), we obtain

HX = XH − i�

m
PX,

(13)

HPX = X

(
−i�2AH − i�3

4m
A2 + i��

)
+ PX

(
−�

2

m
A + H

)
− i�2BH + i�τ,

which can be recast into a matrix form as

H

(
X,PX,1,

1

H

)
=

(
X,PX,1,

1

H

)
G, (14)

where

G =
⎛

⎜⎝

H i�(−2AH − 1
2 εA2 + �) 0 0

− i�
m

H − 2εA 0 0
0 −i�2BH H 0
0 i�τH 0 H

⎞

⎟⎠ , ε = �
2

2m
. (15)

By solving the equation

det(G − λI) = 0, (16)

we obtain the eigenvalues of G as follows:

λ1 = H, λ2 = H, λ3 = H − Aε − T (H), λ4 = H − Aε + T (H), (17)

where

T (H) = √
ε(2� − 4AH). (18)

The diagonalized G can be written in the form

G = R	R−1, (19)

where

	 =
⎛

⎜⎝

λ1 0 0 0
0 λ2 0 0
0 0 λ3 0
0 0 0 λ4

⎞

⎟⎠ , (20)
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and the diagonalizing matrix is

R =
⎛

⎜⎝

0 0 2AH + 1
2εA2 − � 2AH + 1

2εA2 − �

0 0 − i
�
(Aε + T (H)) − i

�
(Aε − T (H))

0 1 2BH 2BH

1 0 −Hτ −Hτ

⎞

⎟⎠ . (21)

Equation (14) can be rewritten as H(X,PX,1, 1
H

) = (X,PX,1, 1
H

)G = (X,PX,1, 1
H

)×
R	R−1, or

H

(
X,PX,1,

1

H

)
R =

(
X,PX,1,

1

H

)
R	. (22)

Let
(

1

H
,1, b, b+

)
=

(
X,PX,1,

1

H

)
R, (23)

then one arrives at the raising and lowering operators for the Hamiltonian operator H as

b = X

(
2AH + 1

2
E A2 − �

)
− PX

(
i

�

)
(AE + T (H)) + 2BH − τ, (24)

b+ = X

(
2AH + 1

2
E A2 − �

)
− PX

(
i

�

)
(AE − T (H)) + 2BH − τ. (25)

This point can be seen clearly if one substitutes (23) into (22), he obtains

H

(
1

H
,1, b, b+

)
=

(
1

H
,1, b, b+

)
	, (26)

namely,

[H,b] = b(λ3 − H), [H,b+] = b+(λ4 − H), (27)

which recovers the definition of raising and lowering operators as shown in (3).

3 A Class of Exactly Solvable Potentials

Equation (12) can be rewritten as

V ′(x) + 2(AX + B)

KX′ V (x) = 1

KX′

(
�X + 1

2
εAB + τ

)
, (28)

which is the differential equation for determining the potentials V (x).
Let

V (x) = U(x)

K(X′)2
, (29)

then (28) becomes

U ′(x) = X′
(

�X + 1

2
εAB + τ

)
. (30)
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From (30), we have

U(x) = 1

2
�X2 + 1

2
(εAB + 2τ)X + 1

2
C, (31)

thus, the solutions for the potentials are

V (x) = 1

2K(X′)2
[�X2 + (εAB + 2τ)X + C], (32)

where C is a real number to be determined later on.
The class of potentials V (x) as shown in (32) are exactly solvable by the method of

raising and lowering operators. Now let us come to study the ground state and ground energy,
which satisfy the equations:

b|ψ0〉 = 0, (33)

H |ψ0〉 = E0|ψ0〉, (34)

where |ψ0〉 is the ground state and E0 is the ground energy. We may have

d|ψ0〉
dx

+ 1

KX′ (�1 + �2X)|ψ0〉 = 0, (35)

where

�1 = − 2BE0 − τ

Aε + T (E0)
+ 1

2
B, (36)

�2 = � − 1
2εA2 − 2AE0

Aε + T (E0)
+ 1

2
A. (37)

Then the ground state reads

|ψ0〉 = N0 exp

{
−

∫
�1 + �2X

KX′ dx

}
, (38)

where N0 is the normalized constant.
Equation (34) leads to

H |ψ0〉 = ε�2|ψ0〉 +
[
V (x) − ε · (AX + B)(�1 + �2X) + (�1 + �2X)2

K(X′)2

]
|ψ0〉 = E0|ψ0〉,

(39)
therefore one has

E0 = ε�2, (40)

V (x) = ε · (AX + B)(�1 + �2X) + (�1 + �2X)2

K(X′)2
. (41)

Equations (32) and (41) are required to be consistent, then we have

(� − 2εA�2 − 2ε�2
2)X

2 + [εAB + 2τ − 2ε(A�1 + B�2) − 4ε�1�2]X
+C − 2ε(B�1 + �2

1) = 0, (42)
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in other words,

� − 2εA�2 − 2ε�2
2 = 0, (43)

εAB + 2τ − 2ε(A�1 + B�2) − 4ε�1�2 = 0, (44)

C − 2ε(B�1 + �2
1) = 0. (45)

By solving (40) and (43), we obtain

� = 2(E2
0 + εAE0)

ε
, (46)

or the ground state energy as

E0 = 1

2

(−εA +
√

ε2A2 + 2ε�
)
. (47)

From (46) and (18), we have

T (E0) = 2E0, (48)

based on which, one may find that (44) is consistent with (36). And the constant C in V (x)

is

C = 2ε(B�1 + �2
1). (49)

The excitation states |ψn+1〉 can be constructed by the action of b+ on |ψn〉
|ψn+1〉 ∝ b†|ψn〉, (50)

and the corresponding energy En can be determined by the lowering operator as follows.
Let

[H,b] = −bg(H), (51)

then one has

g(H) = H − λ3 = Aε + T (H). (52)

Due to

[H,b]|ψn〉 = −g(En)b|ψn〉, (53)

we have

H(b|ψn〉) = (En − g(En))(b|ψn〉). (54)

Let b|ψn〉 = |ψn−1〉, then

g(En) = En − En−1, (55)

i.e., the physical meaning of g(H) is an energy interval operator. From (52) and (55), we
obtain the energy spectrum as

En = E0 − n2Aε + nT (E0) = (2n + 1)E0 − n2Aε. (56)

Specially, for the quantum linear harmonic oscillator, λ = 0, E0 = �ω/2, then the above
equation reduces to the well-known formula En = (n + 1/2)�ω.
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In the following, we would like to provide some explicit examples for the potentials as
in 32), which are characterized by the parameter �.

Example 1 For � = 1, one has

X = a1x + a0, A = λ, B = −a0λ, (57)

where a1 �= 0, and a0 is an arbitrary real number. The potential V (x) takes the form

V (x) = 1

K

[
�

2
x2 +

(
�a0

a1
+ εAB + 2τ

2a1

)
x + �a2

0 + (εAB + 2τ)a0 + C

2a2
1

]
, (58)

and the ground state and ground energy are

|ψ0〉 = N0 exp

{
− �1

a1

√
λ

arctan(
√

λx) − �2

[
a0

a1

√
λ

arctan(
√

λx) + 1

2λ
ln(1 + λx2)

]}
, (59)

E0 = 1

2

(−λε +
√

λ2ε2 + 2ε�
)
. (60)

For the special case, when a0 = 0, τ = 0 and let � = m = 1, � = α2, we have �1 = 0,
B = 0 and

V (x) = 1

K

(
α2

2
x2

)
= 1

2
· α2x2

1 + λx2
, (61)

which is just the QNHO model in [1]. After denoting �2 = β , the ground state and the
ground energy can be simplified as

|ψ0〉 = N0 exp

{
−�2

1

2λ
ln(1 + λx2)

}
=

(
1

1 + λx2

) β
2λ

, (62)

E0 = 1

2
�2 = 1

2
β. (63)

Therefore, by using the operator method, one can derive some exactly solvable QNHO mod-
els, the QNHO model proposed in [1] belongs to the case with � = 1.

Example 2 For � = 2, similarly one has

X = a2x
2 + a0, (64)

where a2 = 1
2 (B + 4λa0) �= 0, a0 and B are arbitrary real numbers. From (32), we obtain

V (x) = 1

Kx2

(
�

8
x4 + 2�a0 + εAB + 2τ

8a2
x2 + �a2

0 + (εAB + 2τ)a0 + C

8a2
2

)
(65)

and |ψ0〉 = N0 exp{−�1Q1 − �2Q2}, where

Q1 = 1

2a2
lnx − 1

4a2
ln(1 + λx2), (66)

Q2 = a0

2a2
lnx + a2 − a0λ

4a2λ
ln(1 + λx2). (67)
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Example 3 For � = 3, similarly one has

X = a3x
3 + a1x + a0, a3 = 4

3
λa1, (68)

where a0, a1 are real numbers, a1 �= 0, The potential is

V (x) = 1

K(1 + 4λx2)2
·
[

8

9
�λ2x6 + 4

3
�λx4 + 2λ

3a1
(2�a0 + εAB + 2τ)x3

+ �

2
x2 + 2�a0 + εAB + 2τ

2a1
x + �a2

0 + (εAB + 2τ)a0 + C

2a2
1

]
, (69)

and |ψ0〉 = N0 exp{−�1Q1 − �2Q2}, where

Q1 = −arctan(
√

λx) − 2 arctan(2
√

λx)

3a1

√
λ

, (70)

Q2 = 1

18a1λ

{−6a0

√
λ arctan(

√
λx) + 12a0

√
λ arctan(2

√
λx)

+a1[ln(1 + λx2) + 2 ln(1 + 4λx2)]}. (71)

Example 4 For � = 4, similarly one has

X = a4x
4 + a2x

2 + a0, a4 = a2λ, (72)

where a0 and a2 are real numbers, a2 �= 0. The potential is

V (x) = 1

Kx2(1 + 2λx2)2
·
[

�λ2

4
x8 + �λ

2
x6 + �(a2 + 2a0λ) + (εAB + 2τ)λ

4a2
x4

+ �a0 + εAB + 2τ

4a2
x2 + �a2

0 + (εAB + 2τ)a0 + C

4a2
2

]
, (73)

and |ψ0〉 = N0 exp{−�1Q1 − �2Q2}, where

Q1 = 1

2a2
lnx + 1

4a2
ln(1 + λx2) − 1

2a2
ln(1 + 2λx2), (74)

Q2 = a0

2a2
lnx + a0

4a2
ln(1 + λx2) − a0

2a2
ln(1 + 2λx2) + 1

8λ
ln(1 + 2λx2). (75)

4 Conclusion and Discussion

In conclusion, we have obtained a new more general class of exactly solvable quantum
nonlinear harmonic oscillators from the viewpoint of the raising and lowering operators.
The energy spectrum for the QNHO and the ground state are given explicitly. It is also
interesting and significant to study these new quantum nonlinear harmonic oscillators from
the viewpoints of factorization method or the supersymmetric approach [10], which we shall
investigate subsequently.

Acknowledgements This work was supported in part by NSF of China (Grant No. 10347110).



2756 Int J Theor Phys (2009) 48: 2748–2756

References

1. Carinena, J.F., Ranada, M.F., Santander, M.: One-dimensional model of a quantum nonlinear harmonic
oscillator. Rep. Math. Phys. 54, 285 (2004) eprint arXiv:hep-th/0501106v1

2. Carinena, J.F., Ranada, M.F., Santander, M., Senthilvelan, M.: A nonlinear oscillator with quasi-
harmonic behaviour: two- and n-dimensional oscillators. Nonlinearity 17, 1941 (2004)

3. Mathews, P.M., Lakshmanan, M.: Q. Appl. Math. 32, 215 (1974)
4. Lakshmanan, M., Rajasekar, S.: Nonlinear Dynamics. Integrability, Chaos and Patterns. Advanced Texts

in Physics. Springer, Berlin (2003)
5. Delbourgo, R., Salam, A., Strathdee, J.: Phys. Rev. 187, 1999 (1969)
6. Nishijima, K., Watanabe, T.: Prog. Theor. Phys. 47, 996 (1972)
7. De Lange, O.L., Raab, R.E.: Operator Methods in Quantum Mechanics. Clarendon Press, Oxford (1991)
8. Chen, J.L., Zhang, H.B., Wang, X.H., Jing, H., Zhao, X.G.: Raising and lowering operators of a two-

dimensional hydrogen atom by an ansatz method. Int. J. Theor. Phys. 39, 2043 (2000)
9. Chen, J.L., Liu, Y., Ge, M.L.: J. Phys. A 31, 6473 (1998)

10. Bagchi, B.K.: Supersymmetry in Quantum and Classical Mechanics. Chapman & Hall/CRC, New York
(2001)

http://arxiv.org/abs/hep-th/0501106v1

	Raising and Lowering Operators for a Class of Exactly Solvable Quantum Nonlinear Harmonic Oscillators
	Abstract
	Introduction
	Raising and Lowering Operators for the Hamiltonian
	A Class of Exactly Solvable Potentials
	Conclusion and Discussion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


